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If G is a doubly transitive group of automorphisms of a block design with 
h = I, then for any block A of the design and any point ol in A, the set A-(aj 
is a block of imprimitivity for G, What are sufficient conditions for a doubly 
transitive but not doubly primitive permutation group G to be a group of 
automorphisms of a non-trivial block design with h = I? Can the design or the 
group G be identified if there is a nonidentity automorphism in G fixing every 
point of some block of the design? Both of these questions are investigated and 
some answers are given. 
If G is a doubly transitive group of automorphisms of a block design with 
h = 1, then for any block d of the design and any point 01 in d, the set 
d - {LX} is a block of imprimitivity for G, . It has been conjectured by 
Atkinson (see 131) that most doubly transitive permutation groups which are 
not doubly primitive arise in this way, the exceptions being the Suzuki 
groups and certain groups with regular normal subgroup. We might ask: 
What are sufficient conditions for a doubly transitive but not doubly 
primitive permutation group to act as a group of automorphisms of a non- 
trivial block design with A = 1 ? What more can we say about the design 
if there is a nonidentity permutation fixing every point of some block? 
I have given a partial answer to these questions in [I 61 in the case where the 
point stabiliser does not act faithfully on a set of blocks of imprimitivity. 
However it is often undesirable to have this restriction, and this paper is an 
attempt to overcome it. The two results below give a partial answer to the 
first question. Throughout the paper we assume the hypothesis: 
The group G is a 2-transitive permutation group on a finite set 
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THEOREM A. Assume (*). Assume that G, is 2-transitive on 2 and there is a 
nonidentity permutation in G which fixes B1 u (CX} pointwise. Then either 
(a) G is a group of automorphisms of a block design with X = 1, the 
blocks of which are the translates under G of the set BI u {CL}, or 
(b) PSL(m, q) f G, < PI’L(m, q) for some m 3 3 and prime power q, 
and G,” ‘v G, in its natural representation. 
THEOREM B. Assume (*). Assume that b < t andfor /3 in B1 , assume that 
G,, is transitive on .Z - {BIj. Then G is a group of automorphisms of a block 
design with h = I, the blocks of which are the translates under G of the set 
B, u {cx). 
The proofs of these results are quite different; the first is fairly involved, 
while the second is an application of a result of Atkinson. The following 
notation will be used. 
(a) We denote by H the subgroup of G, fixing each Bj 
setwise, and by K, , Ri the subgroups fixing Bj setwise and 
pointwise, respectively, for i = I ,..., t. 
(**I 
(b) If g E G is such that OIL = /I then denote (without 
ambiguity) the set of blocks of imprimitivity {Big / i = I,..., tj 
of G, by W). 
Theorem B has several simple consequences: 
COROLLARY Bl. Assume (*), (**), and that b < t. The conclusion of 
Theorem B is true if one of the following holds. 
(a) G,= is 2-transitive and H is transitive on B, . 
(b) G,’ is 2-transitive and b, t ~ 1 are relatively prime. 
(c) G,‘: is 3-transitive and b < t - 2. 
COROLLARY B2. Assume (*). If G,I is 5-transitive of degree t > 5, then 
bat-2. 
Using Theorem A we are able to identify the designs where some non- 
identity permutation fixes B, u {a} pointwise, in the case where G, is 3- 
primitive on 2:. Thus we have removed the restriction in [16] on the 
(un)faithfulness of G, on C, but the 3-primitivity condition is stronger than 
the 3-transitivity required in [16]. 
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THEOREM C. Assume (*), (**), and assume that G,” is 3-primitive of 
degree t > 3. If x1 is nontrivial then either 
(a) PSL(3, t - 1) < G < PrL(3, t - 1) in its natural representation, 
wheret-1 =bandtis3,40rt=2a+1and2”--lisprime,or 
(b) Q with the translates under G of B, u {a} as lines is a Desarguesian 
afine plane of order t - 1 = b + I, and G contains the group of translations, 
with t as in (a). 
The author is grateful to the referee for pointing out that the affine 
translation planes which occurred in the original statement of Theorem C(b) 
and also in [16] must be Desarguesian (see the first paragraph of Section 3). 
Theorem A will be proved in Section 1, Theorem B and its corollaries in 
Section 2, and Theorem C in Section 3. Also in Section 3 we show that if 
R, is 2-transitive on ,.Z’ -- {B,} then G is a collineation group of a Desarguesian 
projective or afine plane. 
PROPOSITION D. Assume (*), (**), and assume that i?, is 2-transitive on 
.Z - {B1}. Then f2 with the translates of B, u {LX} under G as lines is either 
(a) a Desarguesian projective plane of order t - 1 and PSL(3, t - 1) < 
G < PrL(3, t - l), or 
(b) a Desarguesian a#ine plane of order t - 1 and G contains the group 
of translations. 
Most of the notation used is standard as found in [5, 171. By a long orbit 
we mean one containing at least two points, and if H is a permutation group 
acting on a set d then fix, H will denote the set of fixed points of H in d. 
1. PROOF OF THEOREM A 
Assume (*), (**), and assume also that G,” is 2-transitive and K, 
is nontrivial. If G, is not faithful on Z then part (a) is true by [ 15, Lemma 1. I]. 
So assume that G, acts faithfully on 2. Suppose that RI is semiregular on 
Z - {&}. Since G, is faithful on Z then RI is semiregular on fi - (B, U {a:-). 
It is easy to show that (g-lK, g) n G,, < K, if g E G, and /? E B, ; that is, 
K, is a strongly closed subgroup of G,, in G, . By [lo] Theorem B, part (a) is 
true. Thus we may assume that R, is not semiregular on 2 - {B,]. 
For a point /3 # 01, let g E G be such that 01~ = /$ p = 01. Then B(p) = B1” 
is the block of Z(p) containing 01 and X(p) = Rig is the pointwise stabilizer 
of B@) u @}; in particular, X(p) is a normal subgroup of Gma . If for any fl 
in B1, B(p) u (/I?} = B, u {a}, then B1 - {p} is invariant under G(a,Bj and 
the result is true by [2, Lemma 21. So we may assume that 1 B, n B@)j < 
b - 1 for all /3 in Bx . 
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Since B@) is fixed setwise by G,, , it is fixed setwise by K, and hence is a 
union of orbits of K, . By our assumption above B@) contains an orbit r(j3) 
of K, in Sz - (B, u {a>). Now R,’ NE, is a nontrivial normal subgroup of 
K,“. Since Kl is transitive on Z - {B,) then all orbits of K, in 2 - {B,} have 
the same length, say x > 1 where .X divides t - I. Hence J’(p) consists of 
1 Q/3)1/x points of each of the x blocks of 2 intersecting r(/3) nontrivially. 
Since X(/3) fixes B(P), and hence r(p) u @} pointwise, it follows that X(/3) 
fixes (setwise) B, and all the blocks of the K,-orbit in Z corresponding to 
r(P)* 
If R, n X(p) is nontrivial then K, does not act faithfully on its orbits in 
2 - (B,j and so by [I 2, I I, Proposition 41, PSL(m, q) < G,” < PrL(m, q) 
for some n2 3 3 and part (b) is true. Hence we may assume that R, n X(/3) 
is trivial for all /3 in B, . Since R, and X(p) are both normal subgroups of Gas , 
they must centralize each other. Thus the centralizer of if, in Kl is not 
semiregular on ,Y - (&). So by [IO, Corollary B3 and Lemma 2.81, it follows 
that R, is a T.I. subgroup of G, , that is if g E G, , then K, n R,Q is K, or 1. 
By [12, I, Theorem A], PSL(m, q) < G,= < Pl?L(m, q) for some m > 3; 
however, in this case K, contains its centralizer in G, , a contradiction. This 
completes the proof. 
2. PROOFS OF THEOREM B AND COROLLARIES 
Assume (*), (**), and assume that b < t. 
Proof of Theorem B. Let /3 E B, and assume that G,, is transitive on 
Z - (Br). Then all orbits of GE0 in 9 - (Bl u {a)) have length at least t - 1. 
Let B(p) be the block of Z(p) containing oi. Then G,, fixes B(p) setwise so 
that B(P) is a union of G,,-orbits. Since / B(P) - {ct}I = b - 1 < t - 1, the 
set B(P) - {IX> contains no point of fi - (B, U {a)). Hence B, U (a} = 
B@) u {/3} and so B1 - {p} is invariant under Gt,,,} . Thus by [2, Lemma 21 
the conclusion of Theorem B is true. 
Proof of Corollary B 1. We shall prove that any of conditions a, b, c imply 
that G,, is transitive on 2 - (B,]., where p E Bl . 
(a) and (b). If G,= is 2-transitive then K1 is transitive on Z - {Bl} and 
has G,, as a subgroup of index b. If the kernel H of G, on Z is transitive on Bl 
then clearly G,,H = Kl , and so GfB = G&G,, A H) E G&%/H = Klz. 
Thus G,, is transitive on Z - {B,}. On the other hand if b, t - 1 are relatively 
prime then by [17, 17.11, Gea is transitive on Z - {Bl}. 
(c) If G, is 3-transitive on 2 and b < t - 2, then Kl is 2-transitive on 
Z - (BJ of degree t - 1 with a subgroup G,, of index b < t - 1. By 
[8, Hilfsatz 11, G,, is transitive on Z - {B,}. 
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Proof of Corollary B2. Suppose that G,’ is 5transitive and that 
b < t - 2. By Theorem B, the translates under G of B1 u {a} form the blocks 
of a design with h = 1. The number of blocks in the design is 
tb(tb + l)/b(b + I), and from this we deduce that b + 1 divides t(t - 1). 
If b = t - 3 B 2 then this divisibility condition cannot be satisfied. Hence 
b < 1 - 3. Consider the action of G, on 2. By applying [8, Hilfsatz l] to 
the groups K1 , Kl n K, , Kl n KS n KS, with subgroups Gas, G,, n Kg , 
GB n & n KS, respectively, it follows that GaB is 3-transitive on Z - (B,}. 
Similarly since B(p) = (B, - @}) u a$ is the block of 2((B) containing 01, { 
then G,, is transitive on Z(p) - (B(p)}. So if C E 2((p) - {B(P)), the set 
stabilizer X of C in Gas has index t - 1 in Cm0 . Clearly X is not transitive on 
2 - {B,), for if it were then all X-orbits in Q ~ (B, u {al) would have 
length at least t - 1 > 1 C 1. Thus it follows by [8, Satz 31 that X = G,, n Kj 
for some i > 2. So all X-orbits in Q - (B, u Bi u {a)) have length at least 
t - 2 > ( C I. Therefore we conclude that C = Bi, a contradiction to 
[3, Lemma 2.71. This completes the proof. 
3. PROOF OF THEOREM C AND PROPOSITION D 
Assume (*), (**), and also that G, c is 3-transitive and R, is nontrivial. 
By Theorem A, G is an automorphism group of a design with h = 1 with the 
translates of B, u {a} as blocks. Suppose first that G, is not faithful on Z: 
Then by [16] the design is a Desarguesian projective plane or an affine 
translation plane and PGL(2, t - 1) < G,= < PrL(2, t - 1). (If G, is 
3-primitive on Z then the values of t are restricted as in Theorem C.) More- 
over in the case of a projective plane, PSL(3, t - 1) < G < PrL(3, t - I), 
and in the case of an affine plane G contains the group of translations. 
Consider the case of an affine translation plane. Andre [ 1, Satz 41, has divided 
affine translation planes into six classes of which, by Ostrom [13, p. 5671, 
only types I, III, and VI can be finite and have a 2-transitive automorphism 
group; also a finite plane of type 111 or VI is Desarguesian. In the associated 
projective plane let I, be the line at infinity and let p be the point on Z, such 
that 1 = {p} u (N) u B, is a line of the projective plane. Then R, is contained 
in the group of (p, Z) elations and since K, is transitive on Z - {Bl} by 
[17, 12.21, clearly the group of (p, I) elations is transitive on I, - {p}. Thus 
planes of type I are ruled out and we conclude that the plane is Desarguesian. 
Therefore if G, is not faithful on 2, both Theorem C and Proposition D are 
true. 
Thus assume that G, is faithful on Z. If G, is 3-primitive on Z then K1 is 
2-primitive on Z - {Bl} and its normal subgroup R, acts nontrivially on z. 
Hence by [17, 12.21, K, is regular or 2-transitive on Z - {B,}. Thus to prove 
Theorem C it is sufficient to deal with the case in which R, is regular on 
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2 - {III} and to prove Proposition D; (again the values oft will be restricted 
as in Theorem C for G% to be 3-primitive). We consider first the case of R, 
regular on Z - {B,}. 
LEMMA 3.1. If G, is faithful and 3-primitive on 2 and if i?, is regular on 
2 - {B,} then Theorem C(b) is true. 
Note that by Fischer’s inequality for the parameters of a block design it 
follows that b < t. 
Proof. If R, is regular on 2 - {B,} then by [7; 17, Il.31 and the fact that 
G,” is 3-primitive it follows that either 
(i) Cm2 has a regular normal subgroup of order t = 3 or 4, or 
(ii) PGL(2, t - 1) < G,= < PI’L(2, t - 1) in its natural representa- 
tion, where t is 3 or 4, or t - 2 = p, where p is an odd prime. In the latter 
case t = I f 2” for some a 3 2. 
In case (i), Gmz N St ‘v PGL(2, t - 1) so we assume that (ii) is always 
true. Now since KI is transitive on B, , I KI I > b I K, / > t - 1, so that 
t > 4. Since G, is faithful on Z and R, is regular on Z - {B,}, then KIB1 = 
K,/R, has a cyclic normal subgroup of order t - 2. This group must act 
semiregularly on B, and so t - 2 divides 6. Since b < t then b = t - 2. 
By [6, 2.2.61, Q with the translates of B, U (a> as lines is an affine plane, and 
by [14, Theorem 11, it is a translation plane and G contains the group of 
translations. By the argument used in the first paragraph of this section, the 
affine plane is Desarguesian. Thus Theorem C(b) is true. 
To complete the proofs of Theorem C and Proposition D it remains to 
prove Proposition D for G, faithful on 2. So assume that G, is faithful on Z 
and i?, is 2-transitive on 2 - {B,}. Since B, u {a!} is a block of a design with 
h = 1 it follows that for each /3 in B1 , B(p) = (B, - {/I}) u (a> is the block 
of Z(p) containing 0~. Then K, is also 2-transitive on 2(=(p) - (B(p)} for each 
p in B, . Now the set stabiliser X in K, of a block C(p) of L?(/3) - {B(/3)} 
has one or two orbits in Z - {B,) according as the permutation characters 
for the two representations are different or the same respectively. 
LEMMA 3.2. With the notation as above, either 
(i) Proposition D(b) is true, or 
(ii) X has two orbits in 2 - {B,} of lengths b and t - 1 - b, where 
2 < b .< t - 3. Moreover C(p) consists of one point of each of b blocks of Z. 
Proof. First suppose that X is transitive on Z - {Bl}. Then all orbits 
of Xin B - (B, u (a>) have length at least t - 1 > b, and since Xfixes C(p) 
setwise we must have b = t - I. Hence the design is a projective plane. 
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By [14, Theorem 51, G contains PSL(3, t - I). However, in this case G, 
does not act faithfully on 2:. 
Hence X has two orbits in Z - {&}. If X fixes a block Bi of ,Z - {&) 
setwise then X = R, n Ki and X is transitive on Z - {B1 , BJ. Hence all 
X-orbits in fz - (B, U Bi U (a]) have length at least t - 2. Now X fixes 
C@) setwise and by [3, Lemma 2.71, C(p) # Bi . Hence C(p) contains an 
orbit of X in fi - (B, U Bi U {a}) so that b = 1 C(p)/ is t - 1 or t - 2. 
Thus the design is a projective or affine plane. In the former case G, is not 
faithful on Z as above. So the design is an affine plane. By [14] it is a trans- 
lation plane and G contains the group of translations, and by the argument of 
the first paragraph of this section the plane is Desarguesian. Thus Proposition 
D(b) is true. 
Thus we may assume that X has two orbits in Z - (Bl} of lengths k and 
t - 1 - k, where 2 < k < t - 3. Since X fixes C(p) setwise, C@) is a 
union of X-orbits. We claim that / C@) n Bi I d 1 for any i = 2,..., t. 
For if 1 C(p) n Bi / > 2 then Bi U {a> and C(p) u {p> are blocks of the 
design with at least two common points, and so they are identical, a contra- 
diction since p $ Bi . 
Let r be an X-orbit contained in C(p). We may assume that r corresponds 
to the orbit of X in Z - {Bl} of length k. Then r consists of j r I/k points of 
each of k blocks of 2. Since C(p) contains at most one point of each block 
of Z, then / r / = k and either C(p) = f or C@) contains an X-orbit 
corresponding to the other orbit of X in Z - {B,}. In the latter case, 
t > / C@)[ = b 2 k + (t - 1 - k) so that b = t - I; then the design is a 
projective plane which is impossible as before. Hence C(p) = r and b = k. 
To complete the proof of Proposition D we assume that part (ii) of 
Lemma 3.2 is true and obtain a contradiction. Let o(p) be the orbit of X in 
Z - {B,} of length b. Then the set of conjugates of 0(/3) by elements of K, 
form the set of blocks of a projective (or symmetric) block design on Z - (Bl) 
preserved by R, , (see [5]; we actually have a system of b I 1 linked projective 
designs). We shall show first that R, n R, is trivial. 
LEMMA 3.3. R, n R, is trivial. 
Proof. Assume that R, n K, is nontrivial. Then the point stabiliser Y in 
R, of C(p) is also nontrivial. Now C(/?) contains a point from each block 
of a(p) and so Y fixes each block of d(p) setwise. By [9] the projective design 
is a projective space of dimension at least 2; 2 - {B,) can be identified with 
the set of points and Z(p) - {B(P)] can be identified with the set of hyper- 
planes. Thus if p, y are distinct points of B, then the representations of K, 
on W) - WW and G4 - VW} are equivalent. In particular the set 
stabiliser L in x1 of a block of Z(y) - (B(y)) has orbits of length 1, t - 2 in 
4P) - W-91. 
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On the other hand by [17, 9.41, N(R,) is 2-transitive on B, u (~1 so there is 
an element g in N(E,) such that (Y = yg, /3 = pg. Then LB is the set stabilizer 
in R, of a block of .Z - {B,} and has orbits of length 1, t - 2 in Z(p) - (B@)}, 
a contradiction. Thus K, n E, is trivial. 
Since K, is 2-transitive on 2 - {B,), (t - l)(t - 2) < I K, 1 < 1 KI I/b < 
(t - 1)!/2 so that t 2 5. Thus R, n Kz and .KI n K, are nontrivial normal 
subgroups of KI r\ Kz with trivial intersection, so they centralize each other. 
Since R, , K, are 2-transitive on Z - {B,}, 2 - {B,} respectively, then both 
K, n K, and KI n K, are transitive on Z - {B, , B,}, and by [4, Theorem 11, 
p. 1741, both are regular on Z - {B, , B,}. By [12, II], Theorem A applied 
to KI acting on .Z - {B,], KI n K, has a nontrivial Abelian normal subgroup, 
and since KI n K, has a normal subgroup (K, n K2) x (KI n K,) with each 
factor regular on Z - {B, , B,}, we have a contradiction by [1 1 ] applied to 
G,-r. This completes the proof of Proposition D, and hence the proof of 
Theorem C is also complete. 
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